Abstract. Let χ be a primitive, real and even Dirichlet character with conductor q, and let s be a positive real number. An old result of H. Davenport is that the cycle sums Sν (s, χ) = 
Introduction
Let χ be a primitive real Dirichlet character. It is a fundamentally difficult and profound problem to show that the Dirichlet L-function L(s, χ) := ∞ n=1 χ(n) n s is nonvanishing for real s > 0. In the case of odd character χ(−1) = −1, which corresponds to the imaginary quadratic field, the L series can be related to Epstein zeta functions of positive definite binary quadratic forms which have rapidly converging expansions (see [1] and [10] ) and in 1968 M. Low [6] devised a method which allowed him to show that L(s, χ) > 0 for s > 0 for a negative conductor up to -593,000. Recently this has been corrected and extended by M. Watkins [13] to −300, 000, 000. Apparently, only recently in [2] has the positivity of L(s, χ) throughout s ∈ [1/2, 1] been proven for an infinite number of primitive Dirichlet L functions by Conrey and Soundararajan. They proved that this holds for at least 20% of the primitive odd characters of conductor −8d for positive odd square-free d.
On the other hand, little seems to have been done in the case of even character χ(−1) = 1. Apparently the best published method is that of Rosser, who showed, more than 50 years ago in [7] and in an unpublished work that L(s, χ) has no real positive zero for a positive conductor up to 986.
In this note we extend an old idea of H. Davenport [3] and give a simple computational method for showing the nonvanishing of L(s, χ) for real positive s for even real primitive characters. Our key observation is that the partial cycle sums Since
, this implies that the corresponding Dedekind zeta functions have no positive real zero. The reader with more computing power should be able to extend the range of q in Theorem 1.1 using our method. In subsection 2.1, we give the key result: Theorem 2.1, which is the extension of Davenport's result but we also give estimates for the partial cycle sum explicit in q. The algorithm used for verifying positivity and a discussion of some possible extensions is given in subsection 2.2. Proofs of our results and the estimates are given in Section 3 while Section 4 contains further estimates extending results of Leu and Li [5] who generalized Davenport's idea to shifted cycle sums. Theorem 4.1 is an analogue of Theorem 2.1. Finally in Section 5 we give the results of our numerical computations.
Main ideas and results

2.
1. An extension of a result of Davenport. Let χ be a primitive Dirichlet character mod q. We define for any real s > 0,
In 1949, in response to a question of Erdös, H. Davenport proved, "with little difficulty" [3] that if χ is real and even, S ν (1, χ) > 0 for all ν ≥ 0. By continuity, one expects that this should extend to a small neighborhood (depending on q) to the left of s = 1 but one does not expect to be able to prove this easily because of obvious implications to the question of Siegel's zero [9] , [11] . However one can easily extends Davenport's arguments to prove the following. 
More precisely, we have the following explicit lower bounds for 1/2 ≤ s ≤ 1:
In view of (2.2), we define for t = 0, 1, 2, 3, . . . , 
Let us say that a primitive modulus q for a real even character is exceptional for s, s ∈ [0, 1] if S 0 (s, χ) < 0. Davenport's result is that there is no exceptional q for s = 1 and we expect this to remain true for s near 1. Numerically, we have found that up to 1,000,000, there is no exceptional q for s = 0.555 or 0.56 and there are only two at 14,693 and 788,933 at s = 0.55. Indeed it may be the case that exceptional q does not exist for s > 0.555. Indeed for all the q values up to 200, 000 that we consider which are exceptional for s = 1/2, we have verified numerically that S 0 (s, χ) is increasing on [1/2, 1] and the unique value 1/2 < α(q) < 1 where S 0 (α(q), χ) = 0 is given to 5 decimal places in the last column of Table 1 below. For fixed s > 1/2, we expect that all sufficiently large q should be nonexceptional in view of the factor 1 q 1/2−s in (2.6). Even for the worst case s = 1/2, the first exceptional q occurs at q = 13340 and there are only 218 exceptional q ≤ 1, 000, 000 and among these L 1 (1/2, χ) > 0 for 174 of them. Up to one million, the largest least t required for L t (s, χ) to become positive is 8 for q = 925, 097. Table 1 in Section 5 below contains a list of all exceptional q ≤ 200, 000 at 0.5 and the smallest t value in each case.
A method for verifying L(s, χ)
> 0 for 0 < s < 1. Theorem 2.1 gives us a way to prove that L(s, χ) > 0 at a particular point s by evaluating an exact finite sum. However the following simple observation allows us to extend it to a numerical method for verifying that L(s, χ) > 0 in an interval. By the functional equation [4] , it suffices for us to check this for 1/2 ≤ s ≤ 1 for us to deduce that it has no real zero.
] and a function g(s) which is positive and decreasing on
Proof. Clearly we may assume f (s) ≤ f (s 0 ). We then have
. We may apply Lemma 2.
is clearly decreasing. We start with s 0 = 1/2 and pick a t (for example the least t) such that L t (1/2, χ) > 0. Such a t must exist if L(1/2, χ) > 0 which in turn is widely believed to be true and K. Soundararajan [12] has shown that at least 7/8 of the quadratic fields have L(1/2, χ) = 0. Computationally, M. Rubinstein [8] has computed L(1/2, χ) for q up to 100,000,000 to 15 decimal places, and they are all positive.
We then iteratively define the new point
we have verified the nonexistence of a real zero. In practice, we allow a small positive tolerance > 0 and the algorithm pseudocode is given below. In this way we obtain Theorem 1.1. The progress of the algorithms is best illustrated in the plots of L 0 (s, χ) for q = 1085 requiring 106 iterations in Figure 1 and L 1 (s, χ) for q = 19032 in Figure 2 requiring 4373 iterations for = 10 −5 . The t values used are the least with L t (1/2, χ) > 0. These are the simplest cases. More iterations are needed usually (see Table 1 ). More details of the numerical computations will be given in Section 5.
ALGO 1 Find a t such that
ALGO 1 has the defect that the program will fail if we encounter an s with 1/2 < s < 1 and L t (s, χ) < though L t (s, χ) may be positive throughout (this does not occur in the range of q that we computed above). One way to get around this is to note that the condition "L t (s, χ) ≥ 0 ⇒ L(s, χ) > 0" is pointwise so that we may choose different t at different s. The obvious thing to do is to pick the least t such that L t (s, χ) > for each s, which incurs no additional computational cost at each point evaluation since
we found experimentally that the pointwise computational saving is far outweighed by the larger number of iterations needed for using smaller t. The program will now work whenever L(s, χ) > throughout [1/2, 1] but it may still be necessary to pick a sufficiently small . However if we set α t (s) to be the right-hand side of (2.6) and pick for each s the least t such that L t (s, χ) > α t (s), the program is guaranteed to succeed as long as L(s, χ) > 0 in [1/2, 1] . Note that such a t must exist if L(s, χ) > 0 since α t (s) → 0 in t and L t (s, χ) is eventually positive. It also has the advantage of ensuring that L t (s, χ) > L(s, χ)/2 so that it is more efficient because the number of iterations is much less than picking the least t making L t (s, χ) > 0. However the value of t chosen will be 0 most of the time, and we find experimentally that the naive ALGO 1 with a fixed t greater than the minimum necessary actually performed better. 1, 2, 3, . . . the expansion of
Proof of main results
in a Fourier series of period 1. The coefficients are
Integrating (3.1) by parts gives for each k ≥ 2,
where
Proof. Since clearly we have
we may write
for some θ m,k ∈ (0, 1). Equation (3.6) follows from (3.2).
3.2. Proof of Theorem 2.2 for arbitrary primitive character. We first derive general estimates which hold for any primitive character χ (not necessary real or even) which may be of some independent interest. First we have (see [4, p. 68 
where the Gauss sum τ (χ) := τ 1 (χ) satisfies τ (χ)τ (χ) = χ(−1)q. It follows that (3.9)
if χ is even, and (3.10)
if χ is odd, and we have 
where |θ k | < 1 and |φ k | < 1.
Proof. For χ even, we have by the Fourier expansion of f and (3.9),
and (3.11) follows from summing (3.6) with
/ζ(2k) which has the obvious bound. The odd case is similar.
Proof of Theorem 2.2. Choosing k = 2 and summing over (3.11) for ν = t + 1 to ∞ using (3.5) gives
We now use the trivial bound |L(2, χ)| ≤ ζ(2) = We also need the following 
Proof. Since ν > 1, by multiplying both sides of (3.14) by ν s+2 (ν + 1) s+2 , we see that it holds if and only if (ν + 1) s+3 (ν − 1) > ν s+3 (ν + 2) and clearly this will be true for all s ≥ 3/2 if it is true at s = 3/2. We need to prove that
or equivalently f (x) = (2 − x)x 9/2 − (2x − 1) > 0, for x = (ν + 1)/ν ∈ (1, 9/5), or that the polynomial h(y) = f (y 2 ) = −y 11 + 2y 9 − 2y 2 + 1 is positive for y = √ x ∈ (1, 3/ √ 5) and this is true since it is easily shown that h(1) = 0, h (1) = 3 > 0 and the only positive roots of h greater than 1 is around 1.35 > 3/ √ 5.
Lemma 3.4. For any real nonprincipal character χ, L(2, χ) >
π 2 15 . Proof. (3.15) L(2, χ) = p≥2 (1 − χ(p)/p 2 ) −1 > p≥2 (1 + 1/p 2 ) −1 = ζ(4)/ζ(2) = π 2 /15.
Proof of Theorem 2.1 for even real primitive characters.
We now assume χ is real primitive and even. In this case Gauss determined the sign of the Gauss sum so that τ (χ) = √ q. (1, χ) to shifted cycle sums. We shall now extend this to 1/2 ≤ s ≤ 1. The main ideas are essentially those of Davenport but the details are more involved. Throughout this section, we assume χ is real, primitive and even. We define for s > 0 and ν = 0, 1, 2, 3, . . . 
Furthermore, for ν ≥ 1 we have more explicitly The following corollary generalizing that in [5] is immediate.
Corollary 4.2.
We have for any t 1 , t 2 ≥ 0, and 1/2 ≤ s ≤ 1,
We will need the following Lemma 4.3. For any real nonprincipal character χ, we have
Proof. We have
, and the result follows from
Proof of Theorem 4.1.
We consider now the Fourier expansion of
Since a m = 2 3/2 1/2 cos 2πmx (ν+x) s dx, we have as in (3.6) with k = 2,
Since the amplitude in the last integral is decreasing, its sign must be that of cos 2m(1/2)π = (−1) m . The mean value theorem gives (4.10)
where 0 < θ m < 1. It follows that we have
where 0 < θ m,2 = 1 − θ m < 1 depends on both ν and s.
By the Gauss sum (3.9), we get
If ν ≥ 1, the right-hand side can be bounded above using Lemma 4.3,
and Lemma 3.3 which yields (4.4).
For ν = 0, we note that
where (4.14) λ(s) = (s + 1)(s + 2) 9π 2
It thus suffices for us to show that
We need two more lemmas.
Proof. We set s = S − 1 and µ(S) = S(S + 1)(9 · 3 S − 1)/(3 S − 1) = 9π 2 λ(s), and we observe that µ (S) has the same sign as f (S) = (2S + 1)(9 · 3 S − 1)(3 S − 1) − 8S(S + 1)3 S log 3. As in [5] we will need to estimate θ 1,2 . From (4.10) with ν = 0, m = 1, we have 
Proof. We split the integral into two parts and set x = 2 − x in
to obtain If χ(2) = 1, we consider the first three terms in (4.15)
and using (4.7), the fact that χ(2) > 0, λ(s) > 0, 0 < θ i,2 (s) < 1 and a trivial bound in the last term give 
Numerical results
We applied ALGO 1 to primitive even real characters of conductor q up to 200,000 choosing the smallest t for which L t (1/2, χ) > 0 and using = 0.00001. It is found that the program always terminates with s > 1 after finitely many steps and this proves Theorem 1.1. The computations for two simple cases q = 1085 and 19032 are given in Figure 1 and Figure 2 where each plotted point corresponds to one iteration (one function and one derivative evaluation). The computations usually require a large number of iterations and take a long time to run. Statistics for the computations for the 46 exceptional primitive conductors q up to 200,000 for which S 0 (s, χ) < 0 is summarised in Table 1 . Each row gives the conductor q, the class number h(q) of Q( √ q), its regulator R, the negative values of S 0 (1/2, χ), the smallest t for which L t (1/2, χ) > 0, the value of L t (s, χ), the number of iterations, the clock time needed in seconds and finally the unique value 1/2 < α(q) < 1 where S 0 (s, χ) crosses the zero line. The reader should be able to verify these computations independently by checking the number of iterations used. The timing of course depends on too many factors and is only meant as a guide of the relative amount of time needed. We have also proved numerically that S 0 (s, χ) > 0 for the exceptional q values at 1/2 in Table 1 using Lemma 2.3 with f (s) = S 0 (s, χ) and
and a similar algorithm to ALGO 1. The computations can be done relatively fast as compared to the positivity of L(s, χ) because S 0 (s, χ) is bounded further from zero because of the additional log n term. The value of α(q) is then determined by simple bisection.
We note that S 0 (1/2, χ) < 0 tends to occur only for small class numbers though we have yet to formalise an exact relationship. The most time consuming case occurs for q = 142, 637 which requires 776,099 iterations over more than 5 days (469,354 seconds) to run on our system. This is because L t (1/2, χ) = 0.00001 is exceptionally small. We note that we can usually improve the performance by choosing a bigger t than the least one which makes L t (1/2, χ) > 0. For q = 142, 637, choosing t = 3 in ALGO 1 requires only 121, 254 iterations and runs more than 5 times faster (90175 seconds). Note that in this case, L 3 (0.5, χ) ≈ 0.00378 is much closer to L(0.5, χ) ≈ 0.00591. It is clear we can always do better by choosing t so that L t (0.5, χ) > αL(0.5, χ) for some α > 0.5. Note that this can be done without computing L(s, χ) using (2.6).
The algorithms are programmed in C with independent verification using PARI-GP. The computations are done on a Linux PC cluster which comprises 8 500-MHz Pentium III PC with 256M RAM and total disk space of 8 GB, in the Department of Mathematics at the National University of Singapore. We applied the usual computational tricks. For example, since ALGO 1 is applied for a fixed q at many different s, the values of log n are precomputed in double precision in a table and values of n for which χ(n) is ±1 are remembered as indices. This is done only once and is then used at all the points where the function is evaluated. Note also that in most cases (e.g., when Z/q * is cyclic), χ(n) = 1 exactly for the quadratic residues which are found easily by taking squares up to q/2 and using χ(n) = χ(−n) without the need for the Euclidean algorithm for the Kronecker symbol. 
